A new lower hound for the conformal capacity of the Grδtzsch ring and sharp bounds for the radial distortion of a quasiconformal automorphism of the unit ball are obtained in //-space, n > 2 .
Introduction. The conformal capacities of the Grόtzsch and
Teichmϋller extremal rings in R n , n>2 (see §2), are denoted by (1.1) γ n (s) = capR Gn (s) and τ n {t) = cap R T , n (t) , respectively, where s > 1 and / > 0. The modulus M n {r) of the Grόtzsch ring R G^n {\/r), 0 < r < 1, is defined by We extend the functions in (1.4), (1.5), (1.6) to [0, 1] by defining them to be 0 at 0 and 1 at 1. For n > 2, K > 1, 0 < r < 1, these distortion functions are related by the inequalities [Vul, 3.5, 5.20] , [AW2, (1.4), Theorem 2.24]
7) {
I <P\( r ) ^ max {P( r ) > Ψl/K,n( r )} Each of these three functions is increasing from [0,1] onto [0, 1] (see §3 below). For n = 2 the inequalities in (1.7) reduce to equalities.
It is well known that M n (r) +log r is monotone decreasing on (0, 1) [T, p. 632] , [G] . The so-called Grδtzsch ring constant λ n defined by ( [AF] .
The main purpose of this paper is to show how one can translate information about the special function M n (r) into information about geometric properties of quasiconformal mappings. An important tool is the following result, which improves the above-mentioned monotone property of M n (r) + logr.
1.9. THEOREM. For each n>2, the function is strictly decreasing from (0, 1) onto (0, log(λ/,/2)), w/zere λ Λ w as m (1.8) and r r = (1 -r 2 ) 1 / 2 . Moreover, f 2 (r) is strictly concave on (0,1).
The next result is an immediate consequence of Theorem 1.9 (cf. [G, Lemma 8] , [AW4, Corollary 2.30]).
1.10. COROLLARY. For each n>2, 0 < r < 1, r' = \/l -r 2 ,
The usual method of obtaining lower bounds for the capacity of a ring is to use spherical symmetrization [G] together with the extremal property of the TeichmuUer ring and the fundamental inequality M n (r) < log(λ Λ /r). By virtue of Corollary 1.10(1), all such earlier bounds can now be improved. A graphical comparison of some bounds for y 3 (l/r) appears in Figure 1 in §2.
From Theorem 1.9 and Corollary 1.10(1) we shall derive several inequalities for the distortion functions in (1.4), (1.5), and (1.6). These functions are interesting not only for studying the radial behavior of mappings in QCκ (B n ), but also as means of expressing other special functions.
1.11. THEOREM. For n > 2 and K > 1 let a = ^>/(i-«) = l/β,
for re (0,h) , and
for all r e (0, 1), where A(r) = r/{\ + r'), r' = ^JΎ^T 1 . For K = 1, both (1) and (2) reduce to equality.
The following local Holder continuity theorem simplifies and improves earlier results in [G] , [R, pp. 82-83] , [MRV] , [AW2], [Ca] . for x,y eB n (cf. [B, p. 40] , [Vu2, 2.47] ). The following distortion theorem for the hyperbolic metric is a consequence of Theorem 1.9.
1.14. THEOREM. For K > 1, n > 2, let f e QR κ (B n The conformal capacity cap R and modulus mod R of a ring R = R (C 0 The next result is an analog of PHόpitaPs rule and will be usefuMn establishing monotoneity of a ratio of two functions.
If f(x)/g'(x) is increasing (decreasing) on (a, b) then so is
Proof. We may assume that g'(x) > 0 for all x e (a, b) and increasing on (a, b) . By the Cauchy mean value theorem, for x e(a, b) there exists y e (a, x) such that
) has a positive derivative on (a, b) . , we conclude that f n is decreasing. The limit as r tends to 0 follows from (1.8), while the limit at 1 is trivial. In [A2, §8] a different proof of this monotoneity is based on Holder's inequality, which, by [A2, Lemma 4] , cannot reduce to equality; hence the monotoneity is strict.
Next, let n = 2 and f(r) = / 2 (r). Here equality holds on the right sides for n = 2. Let f{r), g(r) denote the minorants and F(r), G{r) the majorants in (2.5) and let h{r) = ω n -ι(log(λ n /r)) ι -n . Then, for n = 3, the graphs of these functions are in Figure 1 , where the graph of ^(l/r) lies in the shaded region. From Figure 1 we see that the new lower bound g(r) for given by Corollary 1.10(1) is the best of the present lower bounds when 0 < r < r$ , ro « 0.95.
THEOREM. For n>2 the function f n (r)
= M π (r)log((l + y/r)/(l -y/r)) is strictly increasing from (0,1) onto I n , where 7 2 = (0, π 2 /2) and l n = (0, oo) for n > 3.
Λw/. First, by [LV, (2. 3), p. 60], / 2 (r) = /ι(ί) log((l + t)/{\ -t)), where t = 2y/f/(l + r), and the result follows from [AW4, Lemma 2.6(4)]. Hence for n > 3 the result follows from [AW4, Lemma 2.6 (5) )/(2ή), respectively. The result now follows from (2.1) and the superadditivity of the modulus [F] . In this section we obtain estimates for the distortion functions φκ,n, ψ\ n> an<^ Ψκ,n introduced in (1.4) and (1.5). In [AW3, Theorem 2.2] it was shown that ψ\^nφ ΨK,n for n > 3, K Φ 1. We now show that φ* κ n φ ψκ,n and also that ψκ,n a nd ψκ,n are not comparable. In our first result we apply a method of O. Htibner [H] (cf. [LV, pp. 64, 65] , [AW1, p. 698]) along with our Theorem 1.9 to derive inequalities that improve earlier distortion estimates [AW1, Theorem 4.10]. We can obtain analogous inequalities for φ* κ by combining (1.7) with Theorem 3.1.
3.4. Proof of Theorem 1.11. Part (1) follows from Theorem 3.1(1), since 2arctanh^4(r) = arctanhr and LA(r) a < 1 if 0 < r < r\ = tanh(2arctanh/). Part (2) follows similarly from Theorem 3.1(2). D
(1) tanh(/? arctanh r) < φ* κ n (r)
> tanh(α arctanh r + (α -1) log(λ Λ /2)).
7%^ inequalities reduce to equality when K = 1. Moreover, [LV, p. 65] ; and the second follows from the first by inversion. The limits in (4) follow directly from (1) and (2); (5) Proof. Inequalities (1), (2) follow from Theorem 3.5(1), (2) The proof of (2) The second inequality follows from (1.7). Next, by (1.4) and Theorem 3.1(4) we have proving the third inequality. The statement about equality is clear. Finally, the third inequality is asymptotically sharp as r -• 1 since lim r"^{\ -ψl tΛ {r)) = lim r'-^φ\ /κ n {r>) = A? 1 ~β ) by (1.4) and [AW1, (4.12)]. D 3.14. COROLLARY. Let n>3, ra > 2, 1 < K < oo, and 0 < r < 1.
(1)7/ r is close to 1 then φ* Kn (r)<φ κ^m {r). 
